This paper investigates impulsive stabilization of stochastic delay differential equations. Both moment and almost sure exponential stability criteria are established using the Lyapunov-Razumikhin method. It is shown that an unstable stochastic delay system can be successfully stabilized by impulses. The results can be easily applied to stochastic systems with arbitrarily large delays. An example with its numerical simulation is presented to illustrate the main results.
  2 and ‖A‖ :=  λ max (A T A), i.e. |A| and ‖A‖ denote the Frobenius norm and the spectral norm of the matrix A, respectively.
For −∞ < a < b < ∞, we say that a function from [a, b] to R n is piecewise continuous, if the function has at most a finite number of jump discontinuities on (a, b] and are continuous from the right for all points in [a, b) . Given r > 0, P C([−r, 0]; R n ) denotes the family of piecewise continuous functions from [−r, 0] to R n . A norm on P C([−r, 0]; R n ) is defined as ‖φ‖ := sup −r≤s≤0 |φ(s)| for φ ∈ P C([−r, 0]; R n ). For simplicity, P C is used for P C([−r, 0]; R n ) for the rest of this paper.
Let (Ω, F , P) be a given complete probability space with {F t } t≥0 as a filtration satisfying the usual conditions and W (t) be an m-dimensional standard Wiener process defined on (Ω, F , P) and adapted to {F t } t≥0 . For p > 0 and t ≥ 0, let L p F t denote the family of all F t -measurable P C-valued random variables φ such that E (‖φ‖
be the family of P C-valued random variables that are bounded and F t -measurable.
Consider the following impulsive stochastic functional differential system:
1b)
} is a strictly increasing sequence such that t k → ∞ as k → ∞, x t is defined by x t (s) = x(t + s), for −r ≤ s ≤ 0, and can be treated as a P C-valued stochastic process. Similarly, the P C-valued stochastic process x t − is defined by x t − (s) = x(t + s), for s ∈ [−r, 0), and
n , and [24] for existence and uniqueness results for general impulsive hybrid stochastic delay systems including (2.1) and see [25, 26] for stochastic functional (delay) differential equations without impulses). In addition, it is assumed that f (t, 0) ≡ 0, g(t, 0) ≡ 0, and I(t, 0) ≡ 0, for all t ∈ [0, ∞), so that system (2.1) admits a trivial solution.
The main objective of this paper is to find conditions such that, even if the continuous dynamics given by (2.1a) are highly unstable, the impulsive control, introduced by (2.1b), can successfully stabilize system (2.1). Both moment stability and almost sure stability will be considered, which are formulated in the following definition. 
where ε and C are positive constants independent of t 0 . It follows from (2.2) that lim sup
The left-hand side of (2. 
Main results
In this section, we first investigate the pth moment exponential stability of system (2.1). It is shown that, even if the pth moment of a stochastic delay system can be highly unstable, the impulsive control can effectively stabilize the system and achieve pth moment global exponential stability.
(ii) there exists a nonnegative and piecewise continuous function µ : 
, and
Then the trivial solution of system (2.1) is pth moment globally uniformly exponentially stable and its pth moment Lyapunov exponent is not greater than −Λ.
, the global solution x(t; ξ ) of (2.1) is written as x(t) in this proof. Without loss of generality, assume that the initial data ξ is nontrivial so that x(t) is not a trivial solution. Let v(t) = E (V (t, x(t))), for t ≥ t 0 − r, andΛ = Λ − η, where η > 0 being an arbitrary number such thatΛ > 0. It is clear that v(t) is right-continuous for t ≥ t 0 . Choose M ∈ (e (Λ+μ)δ , qe Λδ ) so that
where ‖v t 0 ‖ = max −r≤s≤0 v(t 0 + s). We will show that
by proving a stronger claim:
Suppose (3.5) is not true and observe that
and, by continuity of v(t),
In view of (3.6), define t * = sup{t ∈ [t 0 , t * ) : v(t) ≤ ‖v t 0 ‖}. Then t * ∈ [t 0 , t * ) and, by continuity of v(t), 
By the Razumikhin-type condition (ii), one has
(3.9)
Applying Itô's formula on [t * , t * ] and by (3.9), one obtains that
(3.10)
Since (3.10) contradicts what is implied by (3.3), (3.7) and (3.8), claim (3.5) must be true and so is (3.4). Now, assume that
for all k ≤ m, where k, m ∈ Z + and M k is defined as
We proceed to show that
by proving a stronger claim: 
In view of (3.14), one hast ∈ (t m , t m+1 ) and, by continuity of v(t), In view of (3.15), define
Then t ∈ (t m ,t) and, by continuity of v(t), (3.17) . Therefore, claim (3.13) must be true and so is (3.12) . By induction on m and from the definition of M m , one can conclude that
By condition (i) and the facts thatd = ∏ ∞ k=1 d k < ∞ and η > 0 is arbitrary and independent of t, we actually have shown
which shows that the trivial solution of (2.1) is pth moment g.u.e.s., with its pth moment Lyapunov exponent not greater than −Λ.
Remark 3.1. It is clear that Theorem 3.2 allows the continuous dynamics of system (2.1) to be unstable, since the function µ(t) in (3.1), which characterizes the changing rate of V (t, x(t)) at t, is assumed to be nonnegative. Theorem 3.1 shows that an unstable stochastic delay system can be successfully stabilized by impulses.
Remark 3.2.
The only condition in Theorem 3.1 that involves the delay size r is condition (ii), where q is required to satisfy q ≥ exp(Λr + Λδ +μδ), (3.18) withμ usually being a quantity depending on q due to the Razumikhin-type condition. To apply the theorem, it is required that (3.18) as an inequality of q has at least one solution. When r becomes larger (while Λ can still be arbitrarily chosen but fixed), δ has to become sufficiently small to guarantee that (3.18) has a solution, i.e. the impulse frequency has to reach a certain level to cope with the increase in time-delay, which is reasonable. Based on this observation, Theorem 3.1 can be easily applied to a system with arbitrarily large delays.
Remark 3.3. In condition (3.2), the constants d k make it possible to tolerate certain perturbations in the overall impulsive stabilization process, i.e. it is not strictly required by Theorem 3.1 that each impulse contributes to stabilize the system, as long as the overall contribution of the impulses are stabilizing. Without these d k (i.e. d k ≡ 1), it is required that each impulse is a stabilizing factor (ρ < 1), which is more restrictive. The following theorem shows that the trivial solution of system (2.1) is also almost surely exponentially stable, under some additional conditions. Proof. The detailed proof is omitted due to limited space. The readers can refer to [25, p.175-178] for the proof of a similar result on stochastic functional differential equations without impulses. To deal with the impulse effects, note that, by the theorem condition, there are at most N impulse times within an interval of length r, which, by Hölder's inequality, can give a useful estimate of the impulse effects.
Now consider the linear impulsive stochastic delay system 
